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Structure of himodul=as

Since Lhe semizgimols Artinian alternatiye algebras ars

Just ths associative and Cayley alge rag, and we have sepa-

rately classified the bimodules for each of these, we can put
our results togather to describe ths bimodules for an arbitrary
Saparaizle mlternativa algebra A over a fi:lﬁ T
There is one sligat catch. The Cayley summands of A are
Cavley alogebhras © over their centers B, which arsa senarzhle
extensions of ¢ . In IT.7.1 we classified only {-himodules for
Cln; a Priori there might be some new f-~bimadules for € which

ars rot p-bimodules. To show this cannct Aappen we shaw that

4any 4-bimoduls carries a natural R-bimodule structure.
y

(Lerma) TLet A be a unital alternative algebra with center §
aver a field ¢ , Then all A-bimodules M in the category of

¢—algebras carry a natural lefr D-structurs yem = gm making
them A-bimcdules in the category of G-algebras, as soon az A
{or scme centbral extension A ®¢ b

Bl 18 a direct sunm 0f 2-inter—

connacted algebras.,

Froof. The scalar productht gem will make M a unital left
G=module as soon as [mlmg}-m = mi{wz- ml, ie [p,n,M] = 0.
The bimodule action af A on M will be g-bilinear, wlam) =
(wa)m =" a(ym) and (ma)w = mfay) = (mw)a , 1F [g,a,M] = 0.

(Then |w,a,m] = 0 implies y(am) = dwalm ; § = C(n) implics
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(wa)m = (ad)n , and [a,0 Ml = rlw,am = 0 implies (at)m = a (Um) .
Jually on the right]. Since 0 ¢ 4 we are reducad to showing
I::EIA:'MJ = 0,

It suifices if [, A M. = IE”IL}.,E-T_'] vanishes in the himodule

I Ik
HT =M & & Tor A, = A @Q L - Beplacing A/0 by the direect sum
b o L)
= e + A g N AT A -'.‘ﬂr": ;4=
O Lntarconnactad d-gebras ALY, and noting R ClEL)y At

fices ko assumes from the start that a is a2 directk sum of

Z2-interconnacted algshras.

= T s s gy , .
Lec 1 = Li“l = where ezch e. is lncarconnected wilkh at

lzs=at one other e, . Since any m 8§ = C{&) commutes wilh the

!L:|
2, we have wu = & w.. for w.. C A.. . Thus the onlw unrully
kb : i3 ii ii -
i=1
associators inveolving § are
) i e [ EE 2 -
.[.5:-.' Si4 -E"—ii},l (e, ﬂ;_:’ MJJJ {ﬂ * 1 ;r"! I = ol
Now [0y ®ees Ml & o | = i = : i
ow [0, gq0 Mgl Lgll, A jii} D zinece Ao= 0 and ir

1L« i< n by intcrnmnncctivily there exists 4 # 3 with

P1 TR QBB SN L) By (3.12) for B e g M the

|
Eplit null extension. To see any [, aiT' mii] vanishes,
comouts (wa,.)lm.. = (5. . T, . ALY = g5 Nopn
o) 1j] 3 ( i wlllj (u € c{a)) E“jj wjjl m,
= wjj{aij mij] = m(aij mijj by Slipping Formula 3.8,

Thus 511 unruly associatars vanish, [g, a, M] = @

and M carries a natural f-bimodules structurs. B

We determine the Structure gf bimodules far a separable

& by decamposing them inta bimodules for the simple summands

]

“; - In general, we have ihe following decomposition for a

liract sum A = Eiﬁi .

e
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3,2 (Poirce Deconpogition oL Bimodules) ILe+ A = ﬂl H... § ﬂﬂ

e

€ & direct sum of alternative algebras Ai with units e, -

Then any alternalive bimodule M for & has Peirce decomposition

M B M
S ﬂ') i . M.y
L.1=0 "i4
relative to [he 2; »+ whars for L d o0
& Ls a trivial himeduyle

M., 18 a unitail ﬁi - bhimodule

Mio' M_ . are urital left; right Ai = madulas

MLj 15 a unital lef: A; , right Ay module where
Lthe actions aof Ai ard éj commrte.

Prooif, Since the Peiree decomposilion of s & =73 A,

i

i
for A., = ﬂi + 1t is plear that M s trivial, Man is a unital

o L)

left Ai = module (Killaed 2y 3l1 other T Mui iz a unitzal

-

right Ai = moduiz, and Mii 2 unital Ai = bhimoduleo (killeqg by

211 other ﬁjl. Since the Peirps specializalion % « o, of Big

on M. . (i73) and tha Peirce antispecizlizalion ¥ o=+ Hy of Rﬁj

n M. . commuie Boglie MW =oaea, bm, o Moo is a unital lefe
Y r g 13755 ig Mgyl e My ds .
A, and right ﬁj module where the module ackions commute. B

Hote that if ﬂ:'ﬂﬁ are azsocighkiye Mij ig simply a unisal
o To - - (5] ; ;
“2rt module For By 3 ﬂj CovVia X 8@ ¥ - ¢ r .

Putting this togethar with cur knowlﬂdge of bimodulasg for

che hagieo building - blocks Ai lz2ads Lo

A
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(Bimodula Thecrem) Tf A iz a separable alternative algebra

L

@ver a field ¢ then 2ll A-bimoduley are completely reducible.
Lf A

= A BB Eﬂ the irreducible A-bimodules are of the

] &
following typos:
(i) a trivial bLimodula M= Zm

(1i] an irreducible 1aft or right ﬁi ~omgEnle iF

A. 15 associative

(1ii} an irreducible unital laeft A, ® ﬂjUp modnls
if ﬁi, Aj are assoclative (i#])

(iv]) = regular bimodule M = rag[&ij if Ai ig
assocliative

{v) an irrsducihle constituent of o Cayley
bimodule M = cay{ﬁij if A, is quaternion

(vi) a regular bimodule M = reg(a,] if A

is Cayley.

Froof. Sincs Erivial bimedule is just a vector space,
it is a direcl sum of irreducible l-dimensional bimodulas
Moo= a&m oaz in (1Y .

Now consider laft or right A, = modules Mio or Moi . Sinece
Cayley algcbras admil no nonzero specializations (have no non-—

s2r0 nodules), such exist only whan 5. 13 associalive, Since

=

; 15 zemisimple artinian, from associative theory all its

modules ars comzletely reducible, This gives type (ii).
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Consider next M.. for i#j Since again the Cavley algebras
admit no specializations, M, . # 0 only when A, and ﬂj ars asso-
[ ] £ _L

ciative. In this case it 1s just a unital left A, B ﬁjcp module.

el | LAy : o) . ,
Since &i and Aj &re separghle over & , ai ﬁr Eﬁ P remalngs seml-

simple and all its modules are completzely reducibls., This glives
(iidi) .
Finally we turn to the M

.+ - When A, is assoociative fa form
ii 1

of a matriz algehra Mk{ﬂj} its urital bhimodules are associative
1f k #£ 2 (txi vially if k = 1 5 .?Li = ¢ , and by Bimodule Asso~-
clativity VII.6.9 zilhce ﬁi is strongly asscciative il k > 3 by

VIT, 5,14}, The adsociative bimodnles for zn asscciative A. arc

again just ii & Ai ¥ modules; since Ai is separable ovar o

these are completaly reducible, We know from associative theory
that the irreducihle associative ﬂj - bimodules ara p—iscmorphic
¢ rog(A.L) . This gives (iv).

is gquaterrion (cver its center 0) its binodules nead
not bs associative. Howeeaw, B 3.7 1688 d-Pinoiiles Are auto-
matically R-bimodules, so by the Bimodyle Theorem II.7.1 all
its bimcdules are compleobely raducible with irreducible bi-
modules either reg[&L} or irreducible constituents of cay(ﬂi},
as in (v].

IZ A, dis Cayley over ils center o ite bimodules are
U=himodules by 3.1 and so ones more by the Bimodule Theoren
IT.7.1 are direct sums of regular Linwdules and therefore

etely reducible, @



